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Abstract 

The Yangian level-one hypercharge generator for the super Wilson loop in J\f = 4 
supersymmetric Yang-Mills theory is constructed. Moreover, evidence for the pres¬ 
ence of a corresponding symmetry generator at all higher levels is provided. The 
derivation is restricted to the strong-coupling description of the super Wilson loop 
and based on the construction of novel conserved charges for type IIB superstrings 
on AdS 5 x S 5 . 
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1 Introduction 

The last decade has witnessed spectacular progress towards exact solutions in planar, maximally 
supersymmetric Yang-Mills (SYM) theory. Much of this progress has been sparked by the use 
of integrability, which often comes with an infinite-dimensional symmetry of the Yangian type. 
To make further progress in this direction it is important to fully characterize and understand 
the symmetries that appear in planar AT = 4 SYM theory. For the S-matrix, it has been argued 
that apart from the Yangian Y[psu(2, 214)] symmetries [HE], there is a so-called secret or bonus 
symmetry [3], the level-1 recurrence of the hypercharge generator, which is itself not a symmetry. 
Corresponding conserved charges have been constructed for the pure spinor superstring {!] in all 
odd levels of the Yangian. 

In this letter, we construct the level-one bonus symmetry for the super Wilson loop in A7 = 4 
SYM theory at strong coupling and provide strong evidence for the existence of a corresponding 
symmetry generator at any higher level of the Yangian. The super Wilson loop is a generalization 
of the Maldacena-Wilson loop ]5j, which also includes the fermionic fields of AT = 4 SYM. It has 
already been considered in the early days of the AdS/CFT correspondence p] and recently a 
complete construction was given [7]. Hints for a Yangian symmetry of the super Wilson loop had 
been obtained before [8] and this symmetry has by now been established at weak [9] and strong 
coupling [fO]. The strong coupling description of the super Wilson loop is given by the minimal 
surface of a type IIB superstring ending on the conformal boundary superspace and the Yangian 
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symmetry at strong coupling can be derived from explicitly computing the conserved charges 
that follow from the classical integrability of the string model. The conserved charges that lead 
to the bonus symmetry can be constructed in a central extension of the coset superspace of the 
type IIB superstring, as it was also considered in [Jj. In the case at hand, the disk topology 
of the minimal surface allows for a simplified construction, which includes charges that lead to 
symmetries at any higher level of the Yangian. 

Let us briefly explain how this paper is structured. The construction of the higher conserved 
charges is explained in section [2] and the corresponding symmetry generator at level one is derived 
in sectional The derivation of the symmetry generators at level one from the respective conserved 
charges has been discussed in detail in cna and the calculation performed there can easily be 
lifted to the centrally extended coset. The exposition in section [3] is focused on the new symmetry 
generators that follow from the central extension and the reader is referred to [TO] for a detailed 
calculation as well as our conventions. The additional conventions and symmetry generators for 
the central extension are collected in the appendices [A] and Q3] We present concluding remarks 
in section [I] and give an outlook on possible future works. 


2 Conserved Charges of the AdSs X S 5 - Superstring 

In this section, we construct non-local conserved charges for the type IIB superstring on AdSs x S 5 . 
We consider the case of a minimal surface, where the world-sheet is Euclidean and has the 
topology of a disk. The results can be transferred to a Minkowskian world-sheet, whereas the 
restriction to a disk topology is crucial. Our exposition follows HU. 

The type IIB superstring theory in AdSs x S 5 can be described by a sigma model type action 
with target space 


PSU(2,2|4) 

SO(4,1) x SO(5) ’ yl 

It is often convenient to consider the coset space SU(2,214)/ (SO(4,1) x SO(5)), since SU(2, 214) 
allows for a matrix representation. Concretely, the Lie superalgebra su(2, 2|4) is given by the set of 
(414) x (414) supermatrices which satisfy a hermiticity condition and have vanishing supertrace, see 
appendix [A] for details. The Lie superalgebra psu(2, 2|4) is obtained from su(2, 2|4) by projecting 
out the central charge C, which commutes with all other generators. 

For a function g(r, s ) G SU(2, 2|4) of the world-sheet coordinates, the Cartan form = —g~ l dig 
provides a flat connection, 


e ij (2 di Aj - [Ai , Aj]) = 0 , 


taking values in su(2, 2|4). This algebra may be endowed with a Z^-grading: 

su(2, 2 1 4) = g (0) 0 0 (2) © g (1 ) ® fl (3) ; [g(*) , g (z) ] c fl ( fc +0m°d4 . 


( 2 ) 

( 3 ) 
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Here, g^ 0 ) © g^ is the bosonic subalgebra of su(2, 2|4) and g-b ©gA comprises the fermionic gen¬ 
erators. Based on the projection operators P^ : su(2, 2|4) —)■ onto these graded components, 

we introduce the short-hand notation 

pi k ) _ p{k) ^ p(l)±(3) _ p{l) _j_ p(3) ' 

More details on the Z 4 decomposition of su(2, 2|4) can be found in appendix^ In the fundamental 
representation of su(2, 2|4) a metric can be defined in terms of the supertrace, G a b = str (T 0 T h ). 
The superstring action can then be written as 

S = — J drdcr| 7 u str +ie lj str ^A-^A®^ j . (4) 

Here, 7 b = ^/det (hij) is manifestly Weyl-invariant and we fix the convention e TS = 1. Note 
also, that we work with a Euclidean world-sheet metric - resulting in the factor of % in front of 
the fermionic term - since the induced metric on the world-sheet is Euclidean for the boundary 
conditions we consider. Varying the action with respect to g leads to 

J dr da str (g^Sg (<9pV - [A, A*])) , A* = Af - f e ij A^ {3) , 

and since C is a singular vector in su(2, 2 14), we find the equations of motion 

di A* - [Ai , A i \=aC. (5) 

Here, a is an arbitrary function of the world-sheet coordinates r and a. This shows that the 
degree of freedom associated with C is spurious and the target space is really (JT]) . However, 
for the study of conserved charges it will be interesting to keep C in place. The variation with 
respect to the world-sheet metric gives the Virasoro constraints 

str (Af^) - 17 ^ 7 “ str (Aj^A^) = 0 . (6) 

We now turn to the construction of conserved charges, for which we apply the classical integ- 
rability of the string model ra- As we are working over su( 2 , 2|4), the flatness condition for the 
Lax connection reads 


e lJ (2 diLj[z\ - [Li[z \, Lj[z}\) = a[z\C. 
The Lax connection and a are given by 


Liz] = 4 (0) + VA 4 f _ JiiL 7 .. 4=) + 


1-z 2 * 

~ r I 4 iz 

i-2 QT > ff ’ 


1-Z 2 


vl 


:A 


(l)+(3) 


+ 


y/l 


_ A a)_(3) 


(7) 

( 8 ) 

(9) 


4 












The ^-dependence of a follows from the P^-projection of the flatness condition, which can be 
reduced to the respective projection of the equations of motion by using the flatness condition for 
Ai. Note in particular that the ^-dependence of a is fixed completely, whereas its dependence on 
the world-sheet coordinates is arbitrary. In order to construct the conserved charges, we consider 
the gauge transformed Lax connection 


k = gUg + (d t g) g = g (L. 
2 z 2 to\ 2 i z 


A)g 


-i 


l-z 2 


( 2 ) 

■ a) - 




: a. 


(l)-(3) 


1 % 2 ' vT^ ' VT^A~ l 1 (10) 

where we defined a\ k) = g Ag~ l . Note in particular that the ^-expansion of U = U )n z n starts 
at order z. A tower of multi-local conserved charges [13] can be extracted from expanding the 
monodromy matrix associated to the gauge transformed Lax connection around z — 0. We use 
conformal gauge and consider a closed curve at constant value of r. The monodromy matrix is 
given by 


T[z\ = P exp ( / da ^ T, 

' n =0 


The evolution of the monodromy matrix with respect to the parameter r is governed by 


d t T[z] = da 

Jo 

= t dod n 


3J„ 


Pexp / d al 0 


V exp / da l 0 


Pexp / d a l a ) l T [ Pexp / dal, 
4 iz 


+ / daaC 


Pexp / dal 0 


= [I t (0,t,z),T[z]] + x _\ 2 T[z\ I daaC. 


( 11 ) 


The expansion of l T starts at order z and so we find d r T\ =4 if daaC at the linear order in z. 
We thus conclude that only the C-part of T\ is not conserved. Since the curve is contractible 
on the minimal surface, this implies that T\ is proportional to C, T\ = fi(r)C. This property 
follows by induction for all expansion coefficients: Since [C, (•)] = 0 and C 2 = C, we find that 
T n = f n (r)C. 

In the following we will show that by subtracting appropriate powers of T\ from each T n we can 
construct a charge for which also the C-part is conserved. Let us first rewrite (fTTD as 

8 r T[z] = p—j (d r Ti) T[z], (12) 

1 — Z z 


where we have used that the commutator is always vanishing since T n = f n (r)C. We thus find 
that T 2 = T 2 — |Tj 2 is conserved and hence vanishing. Let us now check that for any Tjy, we can 
define 


N 

T n = T n -J2 Pnm (P) m 

M=1 
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in such a way, that also the C-part of is conserved. We proceed by induction. Suppose that 
d r T n = 0 for all n < N. Then we have 

N —1 N —1 m N 

d r T N = (d r T x ) Y, dmT m = (d r T x ) Y OmYPm,k = 9 r Y &W C 7 ^ ' 

m =0 m =0 k =0 M =1 

The coefficients a m follow from (|12p . but we need not to know them explicitly. The above 
argument shows that T k is indeed conserved and thus vanishing, which concludes the induction. 
Let us now determine the coefficients Pn.m explicitly. Equation (53 can be rewritten as the 
relation 3 t Tn — <9 r Tv -2 = (<9 r T) Tv-i, which implies that 

N N- 2 N-l R 

dr('£[)N,M(T 1 ) M -'£l3 N - 2M (T 1 ) M - = 0 . 

M=1 M =1 M=1 J + 

We hence find the recurrence relation 

@N,M = Pn-2,M + J^Pn-1,M-1 j 

which is supplemented by the initial values i = 1, /3 2 ,2 = /? 2 ,i = 0. The recurrence relation 

is solved by 

Pn,N-(2M+1) = 0 , @N,N—2M = ^ 

Let us consider the first of the conserved charges Tv explicitly. We note the expansion coefficients 

h,i = —2i J k , Z i)2 = 2af } + ±af )+(3) , (13) 

with the Noether current J* = We thus have 

T = 2i j) da J T , T 2 = -4 j) daidcr 2 9(ai - a 2 )J T (ai)J T (a 2 ) + 2 j) da ( a^ + |a d)+(3) ) , 
and defining T 2 = T 2 — \T^ gives 

T 2 = -2 j) da\da 2 9(ai - a 2 ) [J T (cri), J T (cr 2 )] + 2 j) da (a^ 2) + |a d)+{3) ) . 


/IV - 1 - M\ 

V M J' 


Correspondingly, we have the conserved charges (e(a) = 9(a) — 9(—a)) 

Q(°) = (j) da J T ~ C, (14) 

Q (i) = A / dcr i da 2£(o4 - cr 2 ) [J T (ai) , J T (a 2 )] - j) da (a^ ] + ±a d)+(3) ) = 0 . (15) 
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3 The Level-1 Bonus Symmetry for Super Wilson Loops 


In this section, we turn to the strong-coupling description of the super Wilson loop, which has 
been studied in detail in ra- There, it was shown that the super Wilson loop is invariant under 
the Yangian Y[psu(2, 2|4)] and the level zero and one generators were derived. We extend these 
results by deriving the precise form of the generator B^ l \ which is the level -1 recurrence of the 
hypercharge generator B. 

Let us quickly recapitulate the results of [10]. The expectation value of the super Wilson loop at 
strong coupling is given by 

<W( 7 )> A = 1 e-^ Aen(7) . (16) 

In this description, A denotes the ’t Hooft coupling constant and Al ren ( 7 ) is the minimal area 
of a superstring ending on the contour 7 on the conformal boundary superspace. The coset 
superspace SU(2, 2|4)/(SO(4,1) x SO(5)) is coordinatized by the coset representatives 

g(X, N, y, 9, V) = e x p e e “ A ^ e^“ S « A+ ^ A U{N ) y D . 

The supermatrix U(N) describes the S 5 -part of the superspace, for which we use embedding 
coordinates N 1 , I — 1,... ,6, N 2 = 1. In the above coordinates, the conformal boundary super¬ 
space is located at y — 0 and has half of the fermionic degrees of freedom of the full superspace. 
We describe the contour 7 by a parametrization (x^lcr), X a A (a),X A a(cr),n I (a)) and impose the 
boundary conditions 

X^(t = 0,cx) = x^(a ), 2 /( 0 , <r) = 0 , N 1 (0, a) = n 1 (a), 

0 a A { 0 , a) = X a A (a ), 9 A6l { 0 , a) = X A6l {a). 


As for the Maldacena-Wilson loop, the minimal area is divergent and the finite area w4. ren (7) is 
computed by introducing a cut-off e in the ^/-direction and subtracting the divergence, 


•^4-ren (b) 


lim 

£—^0 


^«4.min(7) 


V>£ 




dcr 1 7T(cr) | . 


(18) 


Here, 7 t m = x 11 + i(Xa^ l X — AcffiA) is the supermomentum of a particle moving along the contour 
7 . Solving the equations of motion iteratively in an expansion in r allows to derive the first few 
coefficients of the parametrization of the minimal surface. More precisely, using the notation 
F{t, s) = y) F (n) (s)r n , we have 

Y (1) = 0, 9 {1) =0, 0 (1) = 0, # (0) A a = iLaK da , 0 ( o f A = -i^ a X Q A . (19) 


Also the coefficients X ( 2 ), 0 ( 2 ) can be derived in terms of the boundary data, they are given by 
X ( 2 ) = ^ + * tr ( 0 ( 2 )cr ^ 1 A - Aa M 6 '( 2 )) , (20) 

0(2)a A = -T^aa 7T°^ Xp A + K' AB ^4 (XnX) B ° ~ l 5% <9 S ) (? X C ?) , (21) 

0(2) A& = - ^ Al 3 7 Taa ~ K' ab ^4 (AttA)^ + 1 5% (X PC 7Tpa) • (22) 
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The matrices K' AB and K' AB are given by equation (l29]i and 

_ / rji \ AB 

K' ab = u a c u b d K cd = {uKu t ) ab , K' AB = ((Tfii'T 1 ) . (23) 

Here, u A c denote the entries in the SU(4)-part of the supermatrix U(N), which we use to describe 
the S 5 -part of the coset space. The higher-order coefficients X( 3 ), 0( 3 ), -dp), iV(i) are related to 
functional derivatives of the minimal area ^4 ren (7), see [TO] for explicit formulae. Given these 
results, one can evaluate the charges on the minimal surface. For the level-zero charge 
q(o) = QWf a , we have 


2i 0) = f d<T.; a (a)(Aen(7)), 

where the densities j a (a) are provided in appendix [B] They form a representation of psu(2,2|4) 
if we restrict to the respective conserved charges. The vanishing of these charges thus encodes 
the superconformal symmetry of the super Wilson loop at strong coupling, 


4 0) (W( 7 )> =’ ~ Qf<W(7)} = 0 , where J<°> = f d aUa). 

The coefficients Q i°^ are contracted with the generators T a = G ab Tb of the dual basis, which can 
be defined for psu(2,2|4) or u(2,2|4), for which the metric G a b is non-degenerate. In order to 
discuss the G-part of Q 1 - 0 ^, we need to formally enlarge the algebra to u(2,2|4), where we have 
the scalar product (B,C) = 1. Then we see that the C-part of Q (0 ^ leads to the hypercharge 
generator 


H (0) = 


1 

2 


da A a (a) 




A io(ff) 


^A^q( a) 


(24) 


which does not provide a symmetry of the super Wilson Loop as the C-part of dT 0 ) does not 
vanish. 

The evaluation of the level-one charge <2^ allows to read off the level-one Yangian generators 
from the relation 


4 1] {W(l)) (A Q-a’ + 0(VX)) <W( 7 )>. (25) 

The level-1 recurrences of the psu(2, 2|4)-generators have been constructed in [TO]. Here, we focus 
on the levcl-1 hypercharge B^\ which does provide a symmetry of the super Wilson loop since 






also the C-part of Q d) vanishes. We find 


B {1) = J da 1 da 2 £((Ti - a 2 )§ (g2(°i) s a(cr 2 ) + ^"(cr^SaA^) + + s dLA {a l )q Ao ‘{a 2 )) 

5 2 


- / da tr [AAtt] (5 /j - nV) 
d<r{ 3 tr 


A 


2 vr 2 


5n I (a)Sn J (a ) 

(AA — AA)7 tAA7t + 2 AA(7tAA7r — nXXn) 


+ 8tr 


XXe[XpX) T e 


2 i tr 


(AA + XpX — XpX + A6 i ( 2 ) + 6 , ( 2 )A)7 t — ztr [AA7r] (h 2 — tt 2 ) 

+ i tr [AA7 t] tr (12AA7 tAA + 2i(AA — AA) + 4i(0( 2 )A — X9( 2 ) + ApA))vr 

To shorten the local term, we used the abbreviations 

XXn 


Pa b = n'n J (l IJ ) A B - i( AttA)/ + zK' BC (XnX) c D K' DA - f^tr 


e = 


(26) 


1 0 


Here, the matrices 7 /J span su(4), see appendix B of [TU] for details. The higher-level hypercharge 
generators B ^ can be obtained in a similar way by computing the C-part of the conserved 
charges T/v. From the structure of the charges T/v it is clear that the generators derived in this 
way will contain an (N + l)-parameter ordered integral involving functional variations at each 
point. For the moment, we focus on the level-1 hypercharge generator. 

The bi-local part in the first line of equation (1261) shows the typical structure of the level-1 
hypercharge as it has been observed in other cases as well. The double-functional derivative in 
the second line appears for all level-one generators in a similar fashion. In the strong-coupling 
limit it reduces to the product of functional derivatives of A ren (C) and so the double functional 
derivative at the same point along the loop does not give rise to a divergence. One would expect 
that this part of the generator requires a point-splitting regularization at weak coupling and it 
should be illuminating to compare this part of the generator with the weak-coupling Yangian 
symmetry generators of [5], This is also the case for the last piece of the generator, which does 
not involve functional derivatives and hence simply integrates to a number, although it depends 
on the boundary curve in a complicated fashion. 

At first sight, the bi-local part of the above generator seems to depend on the choice of a starting 
point along the contour due to the path-ordering prescription that is encoded in the antisymmetric 
step function. The bi-local part of any level-one generator is given by the ordered integral 



daido 2 e(cri - cr 2 ) ife(cri) j c (o 2 ), 


where jb(&) are the variational densities provided in appendix |B] and f cb a denote the structure 
constants of u(2,2|4) in the basis given by the j a . If instead of x(0) one chooses x(A) as the 
starting point for the ordered integral, the difference between two level-one generators is given 
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by 


A 

4 " - 4 1 ' = rih/ J u(o) 

o 

If </„ is any of the level-one generators of Y'[psu(2, 2|4)], this difference is vanishing because the 
contraction f cb a f bc d vanishes due to the vanishing of the dual Coxeter number of psu(2, 2|4). For 
the level-1 hypercharge generator one finds that 

A 

H (1) - 5 (1) ~ J c(cr) , 

0 

which vanishes as c(cr) vanishes identically in our superspace representation of u(2, 2|4). 

4 Conclusion and Outlook 

In this paper we have shown that the super Wilson loop in AT = 4 SYM is invariant under 
the so-called bonus symmetry, which is the level-1 recurrence of the hypercharge generator. For 
this generator, there is no analogous symmetry at level zero, as the hypercharge generator is 
itself not a symmetry of the super Wilson loop. This finding enlarges the Yangian Y[psu(2, 2|4)] 
symmetries of the super Wilson loop, which thus provides a new observable that is invariant 
under the bonus symmetry. 

The derivation relies on the construction of new conserved charges in the central extension of the 
supercoset space of type IIB superstring theory on AdSs x S 5 . A similar construction has been 
performed for the pure spinor superstring [4], where new conserved charges were constructed in 
all odd levels. Here, the disk topology of the minimal surface allows for a simple construction, 
which contains charges in all levels except level zero. 

It is interesting to note that, given the superconformal symmetry of the super Wilson loop, all 
other level-one generators can be inferred from B l> by repeated application of the commutation 
relation 


[4°UH =• 

In contrast, the level-1 hypercharge generator B ^ cannot be generated from the other level- 
one generators in this way. The situation is similar in the higher levels, where the hypercharge 
recurrences cannot be constructed from commutators of lower-level generators. The conserved 
charges obtained in section [2] point to the existence of a hypercharge generator in any higher 
level and, as all these new generators should be algebraically independent of the other symmetry 
generators, they provide a large class of new symmetries for the super Wilson loop. However, it 
should be noted that it has not yet been verified that these generators form a Yangian symmetry 
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algebra as the Serre relations have not been checked. Moreover, the authors of m have noted 
algebraic obstruction^ against the existence of hyper charge-like generators in the even levels. 
For this question, the superstring calculation presented in this paper could be interesting as it in 
principle allows to derive candidates for these generators and to check their algebraic relations 
with the other generators. 
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A The Fundamental Representation of u(2,2|4) 


In this appendix, we provide our conventions for the fundamental representations of u(2, 2|4), 
which follow pp. A more detailed exposition can be found in the review m The super algebra 
u(2, 2|4) can be defined as the set of (4|4) supermatrices satisfying the following reality condition: 


B = 


'm 6 
r) n 

Here, the matrix H is given by 


—H m)H~ l -Hrf 


H 0 
0 I 4 




H- 1 

0 


0 

I 4 


H = 


0 I 2 
I 2 0 


B ^ fl(B) = -JCB st IC 


- —1 


K. = 


To endow u(2, 2|4) with a ^-grading consider the following automorphism of g((4|4): 

' K K - ' ^ 

0 K) ’ 

Based on this automorphism one can define a projection operator by 

P {k \B ) = B [k) = \{B + i 3k n(B ) + i 2k tt 2 {B) + i k tt 3 (B)) . 


— 10 “ 0 

0 -ia 2 


(27) 


(28) 


(29) 


(30) 


A grading on u( 2 , 2 14) can then be defined by 

u(2,2|4) = 0 (o) 0 g (2) ® g (1) © g (3) , where 0 (fc) := {P<- k \B) \ B e u(2, 2|4)} , 
[0 W , 0 (O ] C 0 (fe+ ') mo d4. 

We choose the following basis for the superalgebra u(2, 2|4): 


0 


Qa° \ 


( 0 

i&u. 

2 E% 

K, 

0 

SAa 

1 = 1 


0 

2 EaA 

Q A 


R A b ) 


-2 E\ 

—2 E Adt 

\4E A B -5 A h 


This equation is to be read as 



(° 

icru 

0 

P,= \ 

0 

O 

0 


0 

0 

0 


(31) 


(32) 


and similarly for the other generators. The notation E A B denotes a matrix with entry 1 in the 
position (A, B) and all other entries vanishing. The remaining generators of u(2,2|4) are given 
by 



C 



(33) 


B 



(34) 
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We provide the commutation relations for the above generators. The commutators with the 
generators M and R only depend on the set of indices and their position: 



2i5? f J a -i6i,L f 


Mj , r 


-2%^+ 


M 61 p , ,F 
R A B , J C 


2i Sj.F-iSj.F 
AS^J A -5p c 




R A b,Jc 


= -2 iS^Jp + iSp*, 


= -4 SpB + Spc 


(35) 


The commutators with the dilatation D and hypercharge generator B are specified by a weight 
A (T a ) or a hypercharge hyp(T a ), 


[D, T a ] = A(T a ) T a , [ B , T a \ = hyp(T a ) T a . 

The non-vanishing weights or hypercharges of the generators are given by 

A(-P) = 1, A(Q,Q) = I, A (S,S) = -i, 

A(A") = — 1 , hyp(g,5) = i, hyp(g,5) = -i. 

Moreover, we note the following commutation relations: 


p- 

cO 

*CS> 

i_i 

= -2i5iS Adl 

K ■ QP a 

JY aa i 'qc 

= +2i8is a A 

{Qa‘,Q" b 

• = -2 i 5%P* a 

ryota q A 
y , bp 

= +2 i5%Q AA 

r>aa q 
r ? °A/3 

= -2 i8jQ A a 

f Q A Q 

sO a ? 

■ = ~2iF B K aa 


The remaining non-vanishing commutators are given by 


(36) 


(37) 




+2^1/ D — 2M flv , 


{Qa° , S „ B } = -2iS B A M„“ - S: It", - 2 6% y (D + C) , (38) 

{<3“ A , =-2a^My-<|fly + 2^<|(B-C) . 

We collectively denote the generators defined above by T a and their structure constants by f a b c , 




(39) 


The metric G a ;, = (T a , T),) = str(T a Tf,) on the algebra has the following components: 

(/>“», k ^) = -4 y y { mj , Ay) = -4 y y + 2 y y < a d) = 1 

«v.sy) = -4yyy (M%,M%) = -46jSt + 25lSj (B,C) = \ (40) 

(q° a , s b6 )=4 y y B , B c fl ) = -16 yy+4 y y 

All other entries are vanishing. Note that G a b satisfies the symmetry property Gab — ( — 1) ai Gba , 
where |a| = deg(T a ) denotes the Grafimann degree of a (homogeneous) basis element, |a| = 0 (1) 
for an even (odd) generator. 
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B Superspace Representation of u(2,2|4) 

In this appendix we provide the differential generators j a (cr) obtained from 

ja(cr) (A) = (J T{0) {a) , T a ) , 


( 41 ) 


which we write out explicitly in the form p M (cr) (*4.) = (J T (o) (a ), and similarly for all other 
generators. We use the short-hand notation 


8 " = 


Sx^a) 
Then, we have: 


, d* a = oi a & 1 , d a A = 


jf = QK 

Qa = ~&a + 'AAa d° 


^(a) ’ 


d Ad = 


5\ A d(v) ’ 


d 1 = 


8n I (a) 


d = \ (A d x + A d x ) + x ■ d x 

-Ad _ _gAd + iX A gda 


mj - nJ - 1 


, rc„ 


777^ • — 77^ • — — ^ 77^ . 

Hi p Up 2 Up u 7 

n 4 . = 2i \ A 0 8 A ° - i x a g 9" 


(42) 


(43) 


2 ol 7 

nj = -2i X A d A + i x a6l d a/3 

b = \ (A 9a - A 9a) c = 0 

The remaining generators are given by: 

= 4(( 7 /J )/ n 7 «9 J + A B<i B A& - \ A 8%) -S A (XB x -X d x ) 
s£ = i x X« + 4d K - 4 X B X A d% + 4Af ( 7 7 J ) / r/<9 J 
SAd = -i xA d A - x~ & X A p d^ a - 4 X A ^ X Bdl d B & + 4( 7 /J ) B X B6l n I d J 
Kd = i xA n^d ~ ixp & nJ - x+ $ xV jA - 8 i (A 7 7J A) q< . n I d J 

Here, we introduced the chiral and anti-chiral coordinates 

xA = x »d + 2 i X a A X A d , x~d = iad - 2 i X a A X Adl . (45) 

A comparison to the commutation relations of the generators given in appendix [A] shows that all 
except the odd-odd commutators have a different sign, 


(44) 


j.M. [ = UK” ~ , U = U = -(-I) 1 "" 1,1 /, 


ab 


(46) 
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